Abstract. We introduce a class of finite configurations, which we call combinatorial Grassmannians, and which generalize the Desargues configuration. Fundamental geometric properties of them are established, in particular we determine their automorphisms, correlations, mutual embedability, and prove that no one of them contains a Pascal or Pappus figure. 
Introduction
The classical Desargues configuration, nearly for ages, was a source of mathematical investigations. Its role in foundations of projective geometry is well known (see [9] or, more recent, [6] ). Some of its special forms were studied in finite geometries (see e.g. [3] ). Interesting questions concerning various realizations of this configuration in a projective plane and the groups of projective collineations of these realizations were discussed in the beautiful paper [2] . In this paper we discuss some other generalization of the Desargues configuration which originates in investigations concerning combinatorial structures. Our incidence structures are partial linear spaces and will be called combinatorial Grassmannians; one can say that they generalize the Desargues configuration to higher dimensions (cf. [8] quoted in 1.2) . The definition of a combinatorial Grassmannian & can easily be expressed in terms of elementary Combinatorics of finite sets: the points of <5 are the A;-element subsets of a fixed set X, for some fixed integer k, the blocks are the (k + l)-subsets of X, and the incidence of (25 is the inclusion. It is interesting to note that, as the Desargues configuration represents the perspective of two triangles, a combinatorial Grassmannian is an abstract schema of multiple perspective of a finite number of simplices (cf. 1.7); this fact indicates that our structures really may have something in common with geometry.
In the paper, however, we do not pay too much attention to (projective) representation of combinatorial Grassmannians. Instead, we are concentra-ted on their (intrinsic) geometry. Two main topics are considered in more details: the internal structure of a combinatorial Grassmannian (algorithms of construction: 1.9, 2.12; embedability: 2.5, 2.10, and similar), and some of their elementary properties. Since the notion of combinatorial Grassmannian generalizes the Desargues configuration, it is quite evident that every combinatorial Grassmannian (S satisfies the (projective) Desargues axiom (cf. 1.5(ii)). Somehow interesting is that it is "anti-Pappian": there is no way to draw in 0 a Pascal figure -a hexagon inscribed into a pair of lines (or into a conic, when © admits a correlation) such that the three pairs of its opposite sides intersect, and at least two of the obtained points of intersection are collinear (cf. 1.5(iv), 3.6, 3.8, 3.9).
Basic definitions and representations
Let the structure For an arbitrary finite connected partial linear space 9Jt and any two its points a, b we write distgjt(a, b) for the minimal length of a polygonal path joining a with b in 9Jt. Evidently, this notion coincides with the standard notion of the distance in the adjacency graph of 3Jt (cf. [5] ).
Let X be a nonempty set. We write P(X) for the family of all the subsets of X, and Pk(X) for the family of all the fc-element subsets of X (0 < k < |X|). By Sx we denote the group of all the permutations of X. The symbol m' k stands for the binomial graph defined on X: the graph with Pk{X) as the set of its vertices, two vertices a\, a,2 being connected if |ai fl <Z2| = m (cf [5] )-
The structures primarily investigated in the paper are combinatorial Grassmannians, i.e. structures of the form
where X is any nonempty set, and 1 < k, k + I < \X\. For limit values of k the structure G k (X) degenerates in various ways:
(i) Gi(X) is the complete graph Kn on n vertices (cf. [13] ).
(ii) Gn_i(X) is the single line structure.
(iii) G"_2(X) is the dual of Kn -it has n lines such that any two of them intersect, and through every of its points there pass exactly two lines.
One can consider Gn~2(X) as a "multiveblen configuration": indeed, if\X\ = 4, then G2PO is simply the Veblen configuration.
Consequently, considering combinatorial Grassmannians of the form (2) we assume that (3) 2 <k and fc + 3<|X|.
If / is a bijection, then the pair (f^k\ is an isomorphism of Gfc(Xi) onto Gk{X2), and /(*) is an isomorphism of 25m 1 ' k onto as well. Consequently, the geometry of Gk(X) and of ( Bm' k is uniquely (up to an isomorphism) determined by the cardinality n = |X|; we write shortly Gfc(n) ^ Gfc(X) and
The Boolean complementation
yields an isomorphism of Gk(n) and the "dual" [8] , [11] ). The structure G2(5) ^ G£ (5) is the Desargues configuration.
The following is known (ii) Let Z eSnk and Y eynk. Then \Z\ = n -k + 1 and
and\yn,k\'={k n +1).
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Immediately from the definition we obtain FACT 1.4. Let n, k be integers with 1 < k < n and X be a set with = n. First, we prove some fundamental geometrical properties of combinatorial Grassmannians. PROPOSITION 1.5. Let n, k be integers with 1 < k < n and X be an n-element set.
(i) The space Gk(X) is Veblenian.
(ii) The space Gk(X) is Desarguesian (in the strong sense: if three triangles are inscribed into three lines which pass through a common point, then the three points of intersection of the corresponding sides of the triangles (which exist in view of (i)) are on one line).
(iii) The space Gk(X) is trivially Pappian: more precisely, it is impossible to inscribe into two lines of Gk(X) a hexagon in such a way that two of the three points of intersection of its opposite sides would be collinear.
(iv) The natural action of Sx on the sets Pk(X) and Pk+i{X) (defined by (4)) establishes an isomorphism of Sx and the group Aut(Gjt(X)). Consequently, Aut(Gfc(n)) = Sn.
(v) Let n = 2k+l and x be the correlation ofVJl defined by (5). Then fo x = xof for every f G Aut(Gfc(X)). Moreover, this (involutory) correlation is definable in terms of the geometry ofGk(X).
Proof. Set SDT = Gk(X).
(i): Let AI,A2 be two distinct lines of 371 with a common point p and let Ci, C2 be two lines which cross A\ and A2 and do not pass through p. There are X2 £ X such that Ai = p U {xi} for ¿ = 1,2 and x\ X2• Set dj = C\C\Ai. Then p ^ did Al are two collinear points of 9JI; dl = {xj}U(p\{zj}) for some Zj € p. We have d\Ud2 = {x\, X2}U(p\{zi, Z2}) and, since IdiUofol = k + 1 we get that z\ = 22 =: y\. Consequently, the line C\ = d\,d2 has form {xi,x2}U(p\{?/i}). Analogously, C2 = {xi,x2}U(p\{y2}) for some y2 G X, and yi ± j/2, as Ci ^ C2. It is clear that C\ fl C2 = {xi, x2} U (p \ {2/1,2/2}) is a point of 9DT.
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(ii): Let p, ai, bi, Ci with i = 1,2,3 be points of 9Jt and Ai,Bi, Ci be lines of 9Jt, which satisfy the assumptions of the Desargues axiom. This means: p, a,i, bi C Ci, a u aj, Ci C A t and bi,bj,ci C B t for all i,j,l with {i,j,l} = {1,2,3}, and the elements of the configuration are pair wise distinct. In accordance with the formulas found in the proof of (i) we can write Ci = pU {x{} for some pair wise distinct X\,X2, G X\p. After that a t = {x t } U (p\M), bi = {xj}U(p\{z}) for some y,zEp, and A { = {xj, x t } U (p\{y}), Bi = {xj, xi} U (p\ {z}), and, finally, c* = {xj,xi} U (p\ {y, z}), for all i,j, I with {i,j, 1} = {1,2,3}. It is seen that ci, C2, C3 C {xi, X2, £3} U (p \ {y, z}), which is a line of 9Jl.
(iii): Assume that there are lines A, B of 971 given and points ai C A, bi C B, and Cj (i = 1,2,3) such that the points a r , b s , ct are collinear in 9JÎ for all r, s, t with {r, s, t} = {1,2,3} and they are all pair wise distinct. Observe that both ai,d3,&2 and ai,<23,ci are cliques of the adjacency graph of 9Jt, which have an edge in common, but no three of them are on one line; from 1.3 and 1.4 we get that they belong to one clique of the form S (p) for some p G Pk-i(X).
Moreover, 62 and C2 are collinear. With an analogous reasoning we obtain the following collinearities: C2 ~ «2, c 3 ~ a-,i,¿>3, c\ ~ <i\,bi. Now, suppose that ci,c2 C C for some line C of 9JI. The triangles ci,c2,a2 and c\,C2,b2 yield that 62 ~ a 2 and then a^ is collinear with all the points in {ai, (Z3, C2,62} ^ S(p). Thus a^ G S (p), but then A has three points in common with S (p), which is impossible.
(iv): Let a G Sx-Clearly, the pair is an automorphism of 2JÎ. Conversely, let / = (/',/") G Aut(9JÎ). Then /' is an automorphism of the adjacency graph of 9Jt i.e. (by 1.4) /' G Aut^f^). By the results of [11, 5] , /' = a^) f or S ome a G Sx, or f interchanges the two types of maximal cliques of 03^j . Since the cliques of one of these types are precisely the lines of 9JÎ, /' must preserve them. Finally, we obtain /' = f" = a( fc+1 ).
(v): Evidently, o / o x = /; in view of (iv) this condition is read: X \ \ a)) = a (a) for a subset a of X and a G Sx-To prove the second claim consider an arbitrary point a of 9JÎ. Then
This proves our claim.
• As a corollary to the proofs of the above statements we can formulate the following. Combinatorial Grassmannians can be considered as generalizations of the classical Desargues configuration. To make more evident not only the formal way in which this generalization is obtained (cf. 1.2) but also the geometrical reasoning which leads to this generalization let us provide the following CONSTRUCTION 1.7. Let X = {1,... ,n} and K be a maximal clique in the structure © = Gfc(X). This means, /C = S(c) for some c € Pk-i(X). Without loss of generality we can assume that c = {1,..., fc -l},we take p = cU{fc}. Every line of © which passes through p is of the form Lj = pU {k+j}, where j = 1,..., n -k. Then the points of Lj distinct from p can be written in the form ajj = {k + j, 1,..., i -1, i + 1,..., k} = Lj \ {¿} with i = 1,.. ,,k. The clique K we have started from yields the clique S(c) \ {p} = {cU {k+j}: j = 1,... ,n -fc}, inscribed into the lines Lj. Note that we have obtained some other cliques inscribed into the lines Lj. Namely, every set /Q = {a^: j = 1,... , n -k} is such a clique:
fl aj 2> i = (Lj 1 fl Lj 2 ) \ {i} = p \ for distinct ji,j2, and thus /Q C S(p \ {¿}). This proves that 0 contains k copies Ki of the complete graph K n _k inscribed into the lines Lj passing through the common point p. That means that the configuration (5 represents the mutual perspective of k simplices of type K n -k-O REPRESENTATION 1.8. In particular, (cf. 1.7) the structure G2(n) can be visualized as the perspective of two (n -l)-simplices. The situation is presented in Figure 1 in the case of Ga (6), which represents the perspective of two 4-simplices. Similarly, the structure Gs(6), which has lines of rank 4 and points of rank 3, can be represented as the (mutual) perspective of three triangles, inscribed into given three lines passing through one fixed point -see Figure 2 .
As an example where such a configuration naturally appears we note that if Z is a 6-subset of a conic in the real projective plane, then one obtains G3 (6)-configurations build from Pascalian lines associated with Z and used to define so called Steiner points (see [7] for details). O It is worth to point out that the structure Gk(X) is fully symmetric (cf. 1.5(iv)) and thus, similarly to the case of representation of the classical Desargues Configuration as a perspective of two triangles, the choice of a particular point of Gfc(X) as the perspective centre is inessential -every of its points is the perspective centre of k simplices.
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In the sequel let us consider the Desargues axiom as a rule of "closing" a configuration: Given a configuration /Co = (Xo,£o) we construct the new configuration [/Co] = fC = (X, C) so that -Xo Ç X and Co Ç C, clearly, we assume that K, is a partial linear space; -whenever there are two triangles in /Co with a perspective centre, then their perspective axis is in /C; -whenever there are two triangles in Ko with a perspective axis, then their perspective centre is in /C; -K is the minimal one with the above properties.
Evidently, it is another problem, whether such a closure can be constructed. Then, we define inductively: /C n +i = [JC n ], K = U^lo JC n . Note that if JC is Desarguesian (in the strong sense, comp. 1.5(h)), then [K] = K and, consequently, fC = K. Proof. Let 0 = Gk({l,... ,k + m}).
PROPOSITION 1.9. Let p be a point, let m lines Lj pass through p, and let k simplices K.i be inscribed into the lines Lj. We consider the configuration
We embed X>0 into 0 so that p = {1,..., A;}, Lj = p\J {k + j}, and for /Q = {a^: j = 1,..., m} with a^j I Lj we take ajj = L3 \ {¿}. Then the sides of the simplex K-i are the lines of 0 of the form A l n J2 = aJ2jl = p\{i}u{k+j\, fc+j'2}, and the corresponding intersection points are p \ {¿1, ¿2} U {k + ji, k + j?}, common to A 1^ n and A*?
(note, besides, that the existence of these points follows, geometrically, from the Veblen condition). Therefore, these are points and lines of Vq. It is seen that the points of intersection of the sides of the given triangles lie on L. It is also seen that ô(p, s) E {t, t-l,i- 2} and ô(p, M) € {t-l,t -2} for every point s and for every line M in the above tables, which proves our claim. A AUXILIARY LEMMA 1. 
Then the sides of these triangles are as follows:
sides of the first sides of the second intersecting in: on the line: triangle: triangle:
Again, we note that every point x and every line M in the above tables satisfies ô(p,x),5(p, M) < t -1 and thus the common point d of the lines which join corresponding vertices is in [(Xt_i, £t_i)], as required. A Finally, from 1.9.1 and 1.9.2 we conclude that (X t , C t ) Ç VQ for arbitrary t, and thus 0 Ç VQ. In view of 1.5(ii) this closes the proof. •
Embeddings between combinatorial Grassmannians
Here, we follow the way in which embeddings were considered in [10] . Evidently, every injection ¡p: X\ -> X2 determines an embedding (pW^Cfc+i)) ( cf . (4)
PROPOSITION 2.1. Let ip\ X\ -• be an injection. Then the image of Gfc(Xi) under <p^ is a subspace of Gfc(X2). Moreover, it yields a Baer substructure of G k {X2).
Proof. It suffices to note that the image of the set of the points of Gfc(Xi) under <pW is the set Ph(<p(X\)), and the image of the set of the lines of G fc (Xi) is the set P k+l (<p(X 1)). .
Now, let us fix a subset Y of X with |X \ Y\ = r. Set A = X \ Y.
We define the map It is easy to note that TA yields an embedding of Gfc(Y) into Gfc +r (X) (comp. 2.10). To establish all the possible embeddings between combinatorial Grassmann structures note, first Proof. It suffices to compare ranks of lines to get the first inequality. Comparing ranks of points we obtain the second one and then the third one follows.
• Proof. Without loss of generality we can assume that a substructure Q = (QQ") of ©2 is isomorphic to ©1. Let K C Q' be the image of any maximal clique of ©1, then it is a clique in ©2 as well, so K, C S(c) for some c G Pk 2 -1(^2)-In accordance with 1.7, Q can be represented as the multiple perspective of k\ simplices, each one on (ni -k\) vertices, with the centre a G /C. Moreover, K, \ {a} is one of these simplices. Let us write a = cU {^o} for some xo € The lines of ©2 which pass through a and are perspective rays in Q have the form Li = aU {Xi} for some X{ G X2, i = 1,..., (ni -k\ 
remains valid in the degenerate cases as well. Let <3 -Gfc(X), Y be a nonempty set with \Y\ =: m > 2, and K be a subconfiguration of & isomorphic to G i(Y). (i) 1 = 1: An embedding of G\(Y) into <5 consists in determining in ($ a subgraph K m i.e. an m-element clique. In view of 1.3 and 1.4, K, C S(c) for some c G Pk-i(X).
Thus the points of IC are the elements of the set {c U {x}: x G Z} for some Z G P m (X \c A particular case of such a covering seems to be of some special interest. CONSTRUCTION 2.11. The following construction is an analogue of the projective closure of an affine space, and a generalization of the Desarguesian closure of a graph (cf. [4] , [11] ). Let © = G m (F) be a combinatorial Grassmannian, m + 2 < |F|. To every line A of 0 we assign a new "improper" point A°° (distinct lines get distinct improper points), and after that every line of 0 is completed by its improper point. New points are grouped into new ("improper") lines of the form Q°° = : A is a line of Q}, where Q is a sub-Grassmannian of 0 of the type G m (m + 2). In view of 2.6(ii), every such Q has the form G m (H), where H 6 P m +2(Y). In a more geometrical vein we can characterize a sub-Grassmannian Q of the type G m (m + 2) as consisting of all the lines which cross the three sides of a triangle of <8 (and the corresponding points which exist in view of the Veblen axiom, cf. 1.5(i)).
We write 0 for the resulting "closure", and 0°° for its substructure build from the improper points and lines. O REPRESENTATION 2.12.
[due to K. P §,k] Let us take a set X (|X| =: n) and some v € X\ set p = {v} and Y := X \p. We have
which can be written, in a more "abstract form", as Gfc_i(n -1)°° = Gfc(n -1) and G^-i(n -1) = Gfc(n). Indeed, let us put
Evidently, S2 is the image of P k -i(Y) under r p , and T p is an embedding of 0o := Gfc_i(y) into 0 := G k (X). Thus 0 really appears to be some 
Correlations and conics in combinatorial Grassmannians
As noted in 1.5(iii), G^(n) does not contain a Pappus subconfiguration. On the other hand, some combinatorial Grassmannians admit a correlation. Therefore, the question arises whether any of them may contain a PascalBrianchon figure. Main results of this section state that the answer is negative.
The standard correlation of Gfc(2A; + l) has no self conjugate points. Therefore we begin with determining all the involutory correlations which may determine a nonempty "conic".
The following general fact enables us to characterize involutory correlations of a partial linear space. As an immediate consequence of 3.1 and of 1.5 we obtain Note that the conic determined (pointwise) by x a in Gfc(X) is the set Proof. It is clear that if Fix(a) = {xo} for some xo € X, then every maximal selector a of a on X \ {xo} is in Q(x a ). Indeed, for every x 6 X \ {xo} we have \a fl {x, cr(x)}\ = 1.
Let a G Q(X<T), set a' = a(a). Since A G SX is involutory, tr(a') = a. Since a, a' £ Pjt(X), aflo' = 0, and |X| = 2k +1, there is the unique xo £ X with X = a U a' U {xo}, and then <r(xo) = xo-It is seen that Fix(cr) = {xo}. Moreover, every b € Q(x a ) is a selector of a. a In accordance with the general theory, two correlations are equivalent iff one of them is the conjugate of the other under a collineation. From (9) and 1.5(iv) we find immediately that if ai,<72 are involutory permutations of X then the correlations x CTl and x a2 are equivalent iff aoa\ oa" 1 = (ci) a = c"2 for some permutation a 6 Sx-With elementary set theoretical arguments we obtain Note that from among all the types of correlations of G^(X), listed in 3.4, only one type admits a nonempty conic. In the sequel we shall pay attention to correlations of this type and conics determined by them. From the general theory of correlations we learn that if a is on a conic C, then there passes a "tangent" line through a: the one which has exactly a in common with C; this is x(a). Some other properties of the correlations defined by (9) and conics defined by (10) resembling classical properties of ordinary (projective) conics can be proved. Without loss of generality we can assume that X = {l,2,...,2fc + l}, Fix(<r) = {2k + 1} and a is given by the formula a(i) = i + k for i G a = {1,..., k}, i.e. it is given by the following schema: Proof. Without loss of generality we can write a = a 2 , as considered before. Then A = {1, 2,..., k, 2k + \}. Clearly, c = for some x G a (as c ^ a); let us take e.g. x = 1 so, c -{2,..., k, 2k + 1}. Suppose that c and b are
